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Abstract—This two-part work considers the minimum means
square error (MMSE) estimation problem for a high dimen-
sional multi-layer generalized linear model (ML-GLM), which
resembles a feed-forward fully connected deep learning network
in that each of its layer mixes up the random input with
a known weighting matrix and activates the results via non-
linear functions, except that the activation here is stochastic and
following some random distribution. Part I of the work focuses
on the exact MMSE estimator, whose implementation is long
known infeasible. For this exact estimator, an asymptotic analysis
on the performance is carried out using a new replica method
that is refined from certain aspects. A decoupling principle is
then established, suggesting that, in terms of joint input-and-
estimate distribution, the original estimation problem of multiple-
input multiple-output is indeed identical to a simple single-input
single-output one subjected to additive white Gaussian noise
(AWGN) only. The variance of the AWGN is further shown to
be determined by some coupled equations, whose dependency on
the weighting and activation is given explicitly and analytically.
Comparing to existing results, this paper is the first to offer a
decoupling principle for the ML-GLM estimation problem. To
further address the implementation issue of an exact solution,
Part II proposes an approximate estimator, ML-GAMP, whose
per-iteration complexity is as low as GAMP, while its asymptotic
MSE (if converged) is as optimal as the exact MMSE estimator.
Index Terms—multi-layer GLM (ML-GLM), minimal mean
square error (MMSE), replica method, generalized approxi-
mate message passing (GAMP), multiple-input multiple-output
(MIMO)
I. INTRODUCTION
This paper consider the problem of estimating high dimen-
sional random inputs from their observations obtained from a
multi-layer generalized linear model (ML-GLM) [1]:
y = fL (HL · · ·f2 (H2f1(H1x;η1); η2) · · · ; ηL) (1)
in which x the is high dimensional random input, y is the high
dimensional observation, H` is the weighting matrix in the `-
th layer (` = 1, . . . , L) that linearly combines its input, and
f`(z;η`) =
∏M
a=1 f`(za; η`,a) is the activation function that
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maps the weighted result componentwisely. The model, ML-
GLM, resembles a feed-forward deep learning network of full
connections in many aspects, except that the activation here is
random. In particular, the activation here has a parameter η`
that follows some random distribution, and as a consequence,
the entire activation process requires a transitional distribution
to fully characterize its input-output relation. To see how
this differs from a classical neural network, consider a case
where the (deterministic) bias is replaced by some random
values drawn from a Gaussian population. The activated result
in that case is no longer deterministic due to the random
bias, even though the activation in itself is deterministic. The
ML-GLM is a general model, embracing many well-known
models as special cases. For instance, when L = 1, it reduces
to the generalized linear model (GLM) [2], [3], a model
described by y = f(Hx;η) and extensively adopted in low-
resolution quantization studies [4] where y = ADC(Hx+η)
with ADC(·) modeling the analog-to-digital conversion. As
another instance, when the random activation is modeled by
some additive white Gaussian noise (AWGN), the ML-GLM
reduces to the celebrated standard linear model (SLM) [5],
where y = Hx + η and its applications have a wide range
of varieties, including wireless communications [6], image
processing [7], compressive sampling [5], and many others. As
a generalization to the above models, the general ML-GLM
is further able to model the inference problem arising in deep
learning applications [8].
For these models, the estimation problem is a classic yet still
active topic, to which tremendous efforts had been dedicated
during the past few decades. Among these is the minimum
mean square error (MMSE) estimator, which is optimal in
the MSE sense as its output xˆ could minimize E[‖x− xˆ‖2].
The exact implementation of an MMSE estimator, however,
is infeasible [9] (NP-hard) in high dimensional latent space,
because of its requirements on the marginalization of a pos-
terior distribution that contains many random variables or
on the expectations over these distributions. This issue was
recognized as a facet of the curse of dimensionality, and as
a remedy, people started to look at approximate solutions.
Among those scaling well to high-dimensional applications,
approximate message passing (AMP) [5] enjoyed a great
popularity in scenarios with known and factorable priors.
Originally designed for compressive recovery in the SLM
setting, AMP was able to offer a Bayes-optimal estimation
performance (it achieved the theoretical bound of a sparsity-
undersampling tradeoff) but its implementation complexity is
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2kept at a surprisingly low level (its message number scaled
linearly with the variable number per iteration). Following
AMP, a great number of approximate solutions had been
proposed, and among these were three estimators pertaining to
ML-GLM and thus are of particular interest here. The three are
generalized AMP (GAMP) [2], multi-layer AMP (ML-AMP)
[1], and multi-layer vector AMP (ML-VAMP) [8]. The first
estimator, GAMP [2], extended AMP’s scope (SLM) to allow
non-linear activation (GLM); however, it considered only a
single layer. As more recent advances, the latter two, ML-
AMP [1] and the ML-VAMP [8], were able to handle the
multi-layer case, but they also suffered from some limitations.
In particular, the ML-VAMP [8] required a singular value
decomposition (SVD) on each of the weighting matrices and
thus inevitably comprised its computational efficiency, while
the ML-AMP [1], although more efficient in computation (as
no SVD needed), converged in a relatively slow speed (as one
will see from our simulation section in Part II).
To fill in this gap, this two-part work proposes a new
estimator, the ML-GAMP, whose convergence rate turns out
to be faster than ML-AMP [1] (by using messages that are
more recently updated) and its computational burden is also
lower than ML-VAMP [8] (since no SVD is required). In
order to validate its optimality, we first analyze in Part I
(i.e., this paper) the asymptotic performance of an exact
MMSE estimator (despite of its implementation difficulty) by
means of replica method [10], [11], a powerful tool arising
from statistical physics 30 years ago for attacking theoretical
problems with sharp predictions. We derive the fixed point
equations of the exact MMSE estimator, and compare them to
the state evolution of the proposed estimator obtained in Part
II. A perfect agreement is finally observed between the two,
which suggests that the proposed estimator is able to attain
asymptotically an MSE-optimal performance the same as the
exact MMSE estimator. Since Part I of this work is dedicated
to the (lengthy) replica analysis of an exact MMSE estimator,
we leave all detail about the proposed ML-GAMP to Part II.
Below, we summarize two major findings of this Part I paper:
• A decoupling principle is established, revealing that,
in terms of joint input-and-estimate distribution, the
original estimation problem of multiple-input multiple-
output (MIMO) nature is identical to a simple single-
input single-output (SISO) system where only an effective
additive white Gaussian noise (AWGN) is experienced.
This decoupling principle, mostly inspired by the seminal
work of Guo and Verdu [12], substantially extends [12]’s
result on SLM to allow for multi-layer cascading and non-
linear activation. As L = 1, it also degenerates smoothly
to [12] in SLM and to [13] in GLM.
• The noise variance in the SISO model above could
be determined from the solution to a set of coupled
equations, whose dependency on the weighting and the
activation is given explicitly. Comparing to the most
related work [1], important refinements are made to the
classical method, and thus more details is revealed on the
internal structure of the coupled equations, leading to an
establishment of the decoupling principle.
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Fig. 1. System model of estimation in ML-GLM: random input→ ML-GLM
network → observation → MMSE estimator → output estimate.
II. SYSTEM MODEL AND PROBLEM FORMULATION
Fig. 1 is an illustration for the MMSE estimation in an ML-
GLM setting. In the figure, x0 denotes the initial random input,
whose distribution is factorable and known perfectly by the
estimator, i.e., x0 ∼ PX(x0) =
∏N1
i=1 PX(x0i), y denotes the
observation attained from the ML-GLM network of L layers,
and 〈x〉 is the output geneared by the MMSE estimator, in
an manner either exact or approximate. Particularly, the `-th
layer expands as (1 ≤ ` ≤ L)
→x(`)→H(`)x(`) →z(`)→ P(x(`+1)|z(`))→x(`+1)→ (2)
where x(`) ∈ RN` is its input, and H(`) ∈ RN`+1×N` is a
deterministic weighting matrix that linearly mixes up the input
to yield z ∈ RN`+1 . This weighted result z is then activaed by
a random mapping, whose transitional/conditional probability
density function (p.d.f.) is also factorable: P(x(`+1)|z(`)) =∏N`+1
a=1 P(x(`+1)a |z(`)a ). The weighting matrix above is known
perfectly to the estimator, and in each experiment, the ele-
ments of this matrix are drawn independently from the same
Gaussian ensemble of zero mean and 1/N`+1 variance (to
ensure a unit row norm). To matain notational consistency,
we also initialize: x(1) := x0, and x(L+1) := y. Since we
consider exclusively the limiting performance of the MMSE
estimators, the following assumptions are made throughout the
paper: N` → ∞, while N`+1/N` → α`, i.e., all weighting
matrices are sufficiently large in size, but the ratios of their
row numbers to culumn numbers are fixed and bounded1.
The target of an exact MMSE estimator is to generate an es-
timate 〈xk〉 for every input element x0k using (k = 1, · · · , N1)
〈xk〉 = arg min
xˆk
E
[‖xˆk − xk‖2] = E [xk ∣∣∣y, {H(`)}] (3)
where the last expectation is taken over a marginal posterior
P(x0k|y, {H(`)}) =
∫
P(x0|y, {H(`)})dx0\k, (4)
whose integration is (N1− 1)-fold, x0\k equals x0 except its
k-th element moved, and the joint p.d.f. P(x0|y, {H(`)}) is:
P(x0|y, {H(`)}) = PX(x0)P(y|x0, {H
(`)})∫ PX(x0)P(y|x0,{H(`)})dx0 .
For the above MMSE estimator, we note that its exact im-
plementation requires the evaluation of a multi-fold integral
as above. In high dimensional scenarios, this is apparently
1The ratio α` could be either greater or smaller than 1. For instance, in
applications from wireless communications, it is usually the case α` ≥ 1 for
better signal recovery; while in compressed sensing applications, α` ≤ 1 is
desired to yield a better compression rate.
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Fig. 2. The essential decoupling principle of MIMO to SISO (Claim 1)
infeasible. For performance analysis, we also note that, this
two-part work adopts the average MSE defined as:
avgMSE , 1
N1
∑N1
k=1
E
[‖〈xk〉 − xk‖2] , (5)
i.e., an average of MSE realizations over all input x, weighting
{H(`)}, and activation {P(x(`+1)a |z(`)a )} randomness.
Next, we start from a relatively simple case of 2L-GLM to
analyze the exact MMSE estimator’s performance. Its result
will be extended to more general cases in subsequent sections.
III. ASYMPTOTIC ANALYSIS FOR TWO-LAYER CASE
To ease statement, we adopt a new set of notations in this
two-layer section, hoping it to save us from the ocean of
superscripts. To be specific, we re-denote 2L-GLM as below:
x0 → Hx0 → u→ P(s|u) → s→ Cs → v → P(y|v)︸ ︷︷ ︸
P(y|x0,C,H)
→ y
i.e., the general model (2) is particularized as: H(1) ← H ,
H(2) ← C, x(2)0 ← s, (N1, N2, N3)← (K,M,N), α1 ← α,
and α2 ← β, while K,M,N →∞. For simplicity, we define
u ,Hx0, v , Cs, (6)
with P(s|u) and P(y|v) denoting the new random activation
in the two layers. The MMSE estimate of x0’s k-th element
then becomes:
〈xk〉 = E [x0k|y,C,H] , (7)
where the expectation is taken over P(x0k|y,H,C), i.e.,
the marginal of a joint posterior given by P(x0|y,C,H) =
PX(x0)P(y|x0,C,H)∫ PX(x0)P(y|x0,C,H)dx0 .Under this new 2L-GLM notations,
the system model is illustrated as Fig. 2(a). Next, we present
the main result from our replica analysis, while leaving its
derivation details to the remainings subsections.
A. Results for Exact MMSE Estimator in 2L-GLM
Claim 1 (Joint distribution: 2-layer). As illustrated in Fig. 2,
(x0k, 〈xk〉) .= (X0, 〈X〉), ∀k, (8)
which means the exact MMSE estimation in a MIMO 2L-GLM:
x0
P(y|x0,C,H)−→ y Ex0|y [x0]−→ 〈x〉 (9)
is identical, in terms of joint input-and-estimate distribution,
to that in a SISO setting with only an (effective) AWGN:
X0
+W−→ Y EX0|Y [X0]−→ 〈X〉 (10)
where X0 ∼ PX(X0) is a scalar input following the same
distribution as an element x0k of the original vector x0,
Y = X0 + W is the scalar received signal only corrupted
by an AWGN, W ∼ N (W |0, η), and 〈X〉 is the scalar MMSE
estimate obtained via 〈X〉 , EX0|Y [X0] with P(X0|Y ) =PX(X0)N (Y |X0,η)∫ PX(X0)N (Y |X0,η)dX0 . The noise variance η could be further
determined from the solution to the coupled equations (11)
below, using the relation η , 1/(2d˜). Let σ2X denote the vari-
ance of PX(x), N (x|a,A) be a Gaussian density of mean a
and covariance (matrix) A, Dξ , N (ξ|0, 1)dξ be a Gaussian
measure, and Ns|u(a,A, b, B) , P(s|u)N (s|a,A)N (u|b, B),
the coupled equations then read
c = σ2X (11a)
e =
∫
s
∫
u
|s|2P(s|u)N
(
u|0, c
α
)
duds (11b)
h =
∫
y
∫
ξ
∣∣∣∫v vP(y|v)N (v|√ fβ ξ, e−fβ ) dv∣∣∣2∫
v
P(y|v)N
(
v|
√
f
β ξ,
e−f
β
)
dv
Dξdy (11c)
f˜ =
β(βh− f)
2(e− f)2 (11d)
q =
∫
ζ
∫
ξ
∣∣∣∣∫s ∫u uNs|u(ζ, 12f˜ ,√ dαξ, c−dα )duds
∣∣∣∣∫
s
∫
u
Ns|u(ζ, 12f˜ ,
√
d
αξ,
c−d
α )duds
Dξdζ (11e)
d˜ =
α(αq − d)
2(c− d)2 (11f)
d =
∫
ζ
∣∣∣∫x xPX(x)N (x|ζ, 12d˜ )dx∣∣∣2∫
x
PX(x)N (x|ζ, 12d˜ )dx
dζ (11g)
f =
∫
ζ
∫
ξ
∣∣∣∣∫s ∫u sNs|u(ζ, 12f˜ ,√ dαξ, c−dα )duds
∣∣∣∣∫
s
∫
u
Ns|u(ζ, 12f˜ ,
√
d
αξ,
c−d
α )duds
Dξdζ (11h)
For this claim, we have four remarks below.
Remark 1: Claim 1 suggests that, from an end-to-end point
of view, each input element of the original (self-interfering)
MIMO system experiences in effect an SISO AWGN channel
that appears to be interference-free. However, the presence of
other input elements does have an impact on the estimation
performance, and this impact is reflected in a rise of the noise
level in the equivalent SISO model. In the literature, this
effective noise level’s inverse is called multi-user efficiency
[14] (in the context of wireless communications based on
CDMA). The lower the efficiency is, the poorer its estimator
performs. In case of SLM, this multiuser efficiency was shown
by [12] to be upper bounded by the inverse of the actual (not
effective) noise level, indicating that adding more users into
a originally single-user system only deteriorates the overall
estimation performance, which confirms a common sense that
the multi-user interference do have some negative impacts. A
quantitative description on this will be given later in (88) of
this paper, where η = σ2w +
1
αε(η) is the rising-up noise level,
σ2w is the level before rising, and
1
αε(η) is the additional loss
caused by adding up the input number. For more discussions
in the SLM case, we refer the interested readers to [12], and
4for the more general ML-GLM case, an in-depth analysis is
omitted here due to limited space and left to further studies.
Remark 2: The above claim was obtained from a replica
analysis (with certain refinements), whose details will be given
in subsequent subsections. Inside the wireless communication
community, related pioneering work include [15] by Tanaka,
[12] by Guo and Verdu, and their collaboration [16], but
considering a CDMA application. In a more recent line of
works, the replica method was to apply to the analysis of
compressive sensing [17] by Kabashima et al., MIMO [18]
by Wen et al., and massive MIMO [19] by Wen et al.. All
these work, however, concentrated on a single-layer setup, and
the more general (also more challenging) ML-GLM was not
considered until a recent work [1] by Manoel et al.. Comparing
to [12] and [1], Claim 1, on one hand, substantially extends
the decoupling principle established by [12] in a single-layer
linear setting (SLM) to the much more general setting (ML-
GLM) of multiple layers and non-linearity. On the other hand,
it provided more details about the inner structure of the fixed
point equations, as compared to [1]. The above extension
from 1L-SLM to ML-GLM is no trivial work, because (as
discussed later) a key step in [12] is to compute certain
covariance matrices in an explicit way, see [12, (93)-(123)],
however, the computation becomes almost impossible in the
presence of a non-Gaussian and non-linear activation. A new
formulation is essential needed to handle the situation. For
ML-GLM, although the standard replica method was applied
in [1] to analyze the performance, establishing a MIMO-to-
SISO decoupling principle from the results there is no easy
task. In particular, from the state evolution in [1, Eqs. (11)-
(12)], it is challenging to sort out an explicit and one-step-only
expression for the dependency of the fixed point equations
on the input distribution PX(x) and the final output estimate
〈X〉. As an evidence, see [1, Eq. (11)], where X and 〈X〉 are
related only implicitly, i.e., via the interim variables generated
for the processing of the many-fold layers in the middle. In
contrast, Claim 1 (see also (85)) here provides a an explicit and
one-step-only expression on the dependency, paving the way
for the decoupling principle’s establishment. One reason for
such a difference may take deep root in the different handling
of limτ→0 ∂∂τ maxP minQ f(τ, P,Q). Previously, traditional
replica analysis interchanged the order of the limiting and
the extreme-value operations so that the analytical tractability
could be kept [11]:
lim
τ→0
∂
∂τ
max
P
min
Q
f(τ, P,Q) = lim
τ→0
max
P
min
Q
∂
∂τ
f(τ, P,Q).
However, such an interchange had seldom been justified, and
counter examples around in the mathematical world, if the
function f is arbitrary. Noticing this, we follow a different
procedure to handle the evaluation, which retains the analytical
tractability but at the same time is also rigorous mathemati-
cally. It reads here
lim
τ→0
∂
∂τ
max
P
min
Q
f(τ, P,Q) = lim
τ→0
∂
∂τ
f(τ, P ∗, Q∗) (12)
with (P ∗, Q∗) being a solution to the following equation set
∂
∂P ∗
f(0, P ∗, Q∗) = 0,
∂
∂Q∗
f(0, P ∗, Q∗) = 0, (13)
See (59) and above for a more detailed discussion. Starting
from this evaluation, the derivation in our paper differs from
the traditional approach, although we are still following the
same replica analysis framework and making important sym-
metry assumptions (among others). Summing up, the above
refinements made to the standard replica method plays a
significant role in our analysis, not only because it improves
the method’s rigorousness, but also it open a new avenue
to look more closely into the inner structure of the coupled
equations, which finally leads to our finding of the decoupling
principle.
Remark 3: The coupled equations in Claim 1 may have
multiple solutions, which was recognized as phase coexistence
in the literature. In statistical physics, as the system’s param-
eters change, the dominant solution of the system may switch
from one coexisting solution to another (thus termed phase
transition), and the thermodynamically dominant solution is
the one that gives a smallest free energy value [16]. While in
the wireless communications context, a solution carrying the
most relevant operational meaning is the one that yields an
optimal spectral efficiency [12].
Remark 4: From the discussion around (85), two quantities
from Claim 1, c and d, have some interesting interpretation:
c = E[X2] equals the power of a single input element, and
d = E[〈X〉2] equals the power of its corresponding estimate.
A natural idea from this interpretation is that, to evaluate the
average MSE of a system, one only needs to compute a simple
subtraction c− d, i.e.,
avgMSE = c− d. (14)
meaning that given c and d, one could be saved from the trou-
ble of time-consuming Monte Carlo simulations that mimic
the entire process of data generation, ML-GLM processing,
MMSE estimation, and even error counting. To prove (14),
we start from the average MSE’s definition: avgMSE ,
E[(X − 〈X〉)2] (a)= E[X2 − 〈X〉2] = E[X2]−E[〈X〉2], where
(a) applies the orthogonality principle from MMSE estimators,
which says that, (〈X〉 −X), the error vector of the MSE-
optimal estimator is orthogonal to any possible estimator,
including 〈X〉 itself. Given c and d, eq. (14) could give
the average MSE without simulations; this is one side of
the coin. On the other side, in case of d is not available2
, eq. (14) could give d = c − avgMSE(d˜), saving us from
the two-fold integral of (11g), where the dependency of the
average MSE on a known quantity d˜), defined in (11f), is
explicitly given by avgMSE(d˜). An analytical expression for
the dependency is possible, e.g., if the prior PX(x) takes
a QPSK form, then the average MSE could be rewritten
explicitly as [20]: avgMSE(d˜) = 1− ∫ tanh(2d˜+√2d˜z)Dz,
recalling η = 1/(2d˜). Given the average MSE, it is also
possible to compute numerically other performance indices.
Take the symbol error rate (SER) as an example, if the
transmitted symbol X is drawn from a QPSK constellation,
then the conversion from MSE to SER could be expressed
analytically as [21, p. 269] SER = 2Q(
√
η)−[Q(√η)]2, where
2 The value of c is always known as it is the variance of an input X , whose
density is given by PX(x).
5Q(x) =
∫ +∞
x
Dz is the Q-function. Other prior distributions
like the square QAM constellations are also possible, with
more details being found in [21, p. 279].
Next, we consider the proof for Claim 1, but before pro-
ceeding further, we first notice that an easier way to prove the
equivalence in distribution is to calculate the moments and
demonstrate their equivalence in values. Since in most cases
of our interest the moments are assumed uniformly bounded
[12, eq. (166)], this moment-calculation approach is reliable as
per Carleman’s theorem [22, p. 227], saying that a distribution
is uniquely determined by all its moments. For this reason, we
prove instead the following lemma.
Lemma 1 (Joint moment: 2-layer). it holds (i, j = 0, 1, 2, · · · )
Ex0k,y,C,H
[
xi0k〈xk〉j
]
= EX0,Y
[
Xi0〈X〉j
]
. (15)
For the proof of this lemma, we will dedicate two subsections
in the remaining of this section. The first subsection serves
as a skeleton, while the second offers more details on several
key items of the first.
B. Replica Analysis–Part 1: Introducing the Replicas
Before reformulating the joint moment expression, we now
briefly explain the concept of “replicas”:
1) The original system:
x0 → y → x→ 〈x〉 (16)
The standard MMSE processing from an input x0 to an output
〈x〉 is denoted as where x is a random variable that generates
the output via its first-order moment, i.e., 〈x〉 = E[x|y], with
x|y .= x0|y, and x0|y ∼ P(x0|y).
2) The replicated system:
x0 → y →

x1 → 〈x〉
x2 → 〈x〉
· · · → · · ·
(17)
This is done by adding to the original system some “repli-
cas”, which are indeed i.i.d. random vectors x1,x2, . . . ,xτ
conditioned on y and the channel matrices C and H . These
replicas generate the same estimate as in the original system,
i.e., 〈x〉 = E[xa|y], with xa|y .= x|y (a = 1, 2, · · · ).
First of all, introduce τ replicas and rewrite (15)’s l.h.s. as
l.h.s.(15) = Ex0k,y,C,H
[
[xi0k
j∏
u=1
〈xuk〉
]
(18)
= Ex0k,y,C,H
[
xi0kE
(
j∏
u=1
xuk|y,C,H
)]
(19)
= E{xuk}ju=0,y,C,H
[
xi0k
j∏
u=1
xuk
]
(20)
=
1
K
Ex0,{xa},y,C,H
[
K∑
k=1
xi0k
j∏
u=1
xuk
]
. (21)
where the last equality follows from a self-averaging property
of the high-dimensional signals [12], [23]. Next, we show that
r.h.s.(21)=lim
τ→0
h→0
∂
∂h
logEx0,y,C,H [Z(τ)(y,C,H,x0;h)] (22)
Z(τ)(·),E{xa}
[
exp(
h
K
K∑
k=1
xi0k
j∏
u=1
xuk)
τ∏
a=1
P(y|xa,C,H)
]
where {xa} , [x1, · · · ,xτ ]. The proof for (22) starts from
an expansion on its r.h.s.. Substituting Z(τ)(·) back into the
formula and evaluate the partial derivative at its limit yields
r.h.s.(22) =
1
K
lim
τ→0
Ex0,y,C,H,{xa}
[
xi0k
∏j
u=1
xuk·∏τ
a=1
P(y|xa,C,H)
]
(23)
According to the Bayes law of total probability, we have
P({xa}|y,C,H) =
τ∏
a=1
P(xa)P(y|xa,C,H)
P(y|C,H)
Substituting it into (23) further rewrites the r.h.s. as (τ → 0)
r.h.s.(23) =
1
K
Ex0,y,C,H [
∫
d{xa}xi0k
j∏
u=1
xukP({xa}|y,C,H)]
=
1
K
Ex0,{xa},y,C,H [x
i
0k
j∏
u=1
xuk·] = r.h.s.(21)
which completes the proof for (22). So far, we have proved
l.h.s.(15)=lim
τ→0
h→0
∂
∂h
1
K
logEx0,y,C,H [Z(τ)(y,C,H,x0;h)] (24)
Then, based on (24), we continue to evaluate
1
K logE[Z(τ)(·)], using high-dimensional random matrix
theories. The result then reads
1
K
logEx0,y,C,H [Z(τ)(y,C,H,x0;h)]
= Extr
QS ,Q˜S ,QX
[
αβG(τ)(QS)− αtr(QSQ˜S)
+αG(τ)(Q˜S ,QX)−R(τ)(QX ;h)
]
(25)
, Extr
QS ,Q˜S ,QX ,Q˜X
T (QS , Q˜S ,QX , Q˜X ; τ, h) (26)
where the proof for the result of (25) will be given immediately
in next subsection (Step 1 and 2). ‘Extr’ denotes an extreme
value operation. QX , Q˜X , QS and Q˜S are all (τ+1)×(τ+1)
matrices. G(τ)(QS) and G(τ)(Q˜S ,QX) are defined around
(44).R(τ)(QX ;h) is the rate function of a density below:
P(QX ;h),Ex0,{xa}
 h
K
K∑
k=1
xi0k
j∏
u=1
xuk
τ∏
0≤a≤b
δa,b
 (27)
6where δa,b , δ
(
K∏
k=1
xakxbk −K[QX ]ab
)
with [QX ]ab being
the (a, b)-th element of QX . This rate function could be given
explicitly using the large deviation theory as [12, B-VI]:
R(τ)(QX ;h) = sup
Q˜X
{
tr(QXQ˜X)− logM (τ)(Q˜X)−
[logM (τ)(Q˜X ;h)− logM (τ)(Q˜X ; 0)]
}
, (28)
M (τ)(Q˜X ;h) , Ex[exp(hxi0
j∏
u=1
xu) exp(x
T Q˜Xx)], (29)
where x , [x0, x1, · · · , xτ ]T , with xa .= xak for a = 0, . . . , τ .
So, we have seen
l.h.s.(15)=lim
τ→0
h→0
∂
∂h
Extr
QS ,Q˜S ,QX ,Q˜X
T (QS , Q˜S ,QX , Q˜X ; τ, h)
After that, we continue to simplify the r.h.s. of the last
equality. But before evaluating the partial derivative ∂∂h of
1
K logE[Z(τ)(·)], we differentiate T (·) first w.r.t. to its four
matrix arguments and let all the derivatives to equal zero (as
required by the extreme value operation). A set of (coupled)
saddle point equations are then obtained, as given in (53).
To these equations, denoting their matrix-valued solutions are
denoted by Q∗S(τ ;h), Q˜
∗
S(τ ;h), Q
∗
X(τ ;h), and Q˜
∗
X(τ ;h), we
find that, these solutions are indeed independent of τ , and
their values could be derived from T (QS , Q˜S ,QX , Q˜X ; 0, h),
as discussed earlier in (12)-(13). Here we note that treat-
ing τ as an explicit argument of T (·) is essential and
mathematical rigorous, which avoids a problematic exchange
between limτ→0 and ∂∂h in the classical replica method.
Further assuming a replica symmetry structure (see Step 3
in next subsection), we parameterize the solution matrices
and thus break down the saddle point equations of a matrix
form to some scalar ones, which are then called fixed point
equations and given in (11). By that, we have: l.h.s.(15) =
limh→0 ∂∂hT (Q
∗
S , Q˜
∗
S ,Q
∗
X , Q˜
∗
X ; 0, h).
Now, we are able to evaluate the partial deriva-
tive and its limit, which yields: limh→0 ∂∂hT (·) =
limh→0 ∂∂h logM
(τ)(Q˜∗X ;h), and that
l.h.s.(15) =
Ex[xi
∏j
u=1 xu exp(x
T Q˜∗Xx)]
Ex[exp(xT Q˜∗Xx)]
(30)
Based on the replica symmetric Q˜∗X , the r.h.s. of the above
(30) could be further interpreted as a joint moment of two
scalar r.v.’s, i.e., EX0,Y
{
Xi0〈X〉j
}
, where Y = X0 +W with
X0 ∼ PX(X0), W ∼ N (W |0, η), and 〈X〉 is the MMSE
estimate of X0, see Step 4.4 in next subsection for more detail.
By that, an equivalent SISO AWGN model is established,
completing the proof for: l.h.s.(15) = EX0,Y
{
Xi0〈X〉j
}
.
C. Replica Analysis–Part 2: Computing the Free Energy
This subsection elaborates more details on the proof of
some key steps skipped from last subsection to ease reading.
These contents fit well into the framework of free energy
computation for the replicated system, after noticing from (22)
that limh→0Z(τ)(y,C,H,x0;h) = Pτ (y|C,H). Upon this,
the free energy of the replicated system is defined as below
F , − 1
K
Ey,C,H {logP(y|C,H)} (31)
Recalling the fact that E(log Θ) = lim
τ→0
∂
∂τ logE(Θ
τ ), this free
energy could be computed via
F = − lim
τ→0
∂
∂τ
Fτ (32)
Fτ , 1
K
logEy,C,H {Pτ (y|C,H)} . (33)
Following the convention of replica method like [11], we
assume (32) to be valid for all real-valued τ in the vicinity of
τ = 0, and remains valid also for integers τ = 1, 2, · · · . The
rigorous mathematical minds will immediately question the
validity of this last assumption. In particular, the expression
obtained for integer values may not be valid for real values
in general. As a matter of fact [16], the continuation of the
expression to real values is not unique, e.g., f(τ) + sin(τpi)
and f(τ) coincide at all integer τ for every function f(·).
Nevertheless, as we shall see, the replica method simply takes
the same expression derived for integer values of τ , which
is natural and straightforward in the problem at hand. The
rigorous justification for the above assumption is still an open
problem. Surprisingly, this continuation assumption, along
with other assumptions sometimes very intricate on symme-
tries of solutions, leads to correct results in all non-trivial cases
where the results are known through other rigorous methods,
see [24], [25] for examples on the AMP and GAMP cases.
In other cases, the replica method produces results that match
well with numerical studies.
Before proceeding to the evaluation of F , we reformulate
first the partition function P(y|C,H) using
P(y|C,H) =
∫
s
P(y|C, s)
∫
x
P(s|H,x)P(x)dxds (34)
=
∫
s
(∫
u
P(y|u)δ(u−Cs)du
)
ds×∫
x
(∫
v
P(s|v)δ(v −Hx)dx
)
P(x)dx
(35)
Comparing to the 1L-SLM considered in [12], our challenges
here in the 2L-GLM include: first, an extra layer of network
exists which suffers from mixing interference (caused by the
weighting) and non-linear activation; second, an activation that
is non-Gaussian distributed. To handle these, our solution is:
1) Reformulate the network as a two-fold integral in (34), so
that a nested structure in the expression could be exploited to
apply a “divide-and-conquer” strategy that starts backwardly
from the last layer, treating previous ones as its prior.
2) Incorporate a Dirac-δ function into the non-linear activation
process, see (35), so that the non-AWGN random mapping
could be separated from the linear deterministic weighting,
which further paves way for the essential Gaussian approxi-
mation to the activation (non-linear and non-Gaussian).
Following this line, we take 4 steps to compute the free energy.
7Step 1: Gaussian approximation for E[Pτ (y|C,H)] of Fτ :
Ey,C,H [Pτ (y|C,H)] = EC,H [
∫
y
Pτ+1(y|C,H)dy] (36)
= EC,H [
∫
y
τ∏
a=0
∫
xa
P(y|xa,C,H)P(xa)dxady] (37)
Then, it holds
Ey,C,H {Pτ (y|C,H)}
=EC,H
{∫
y
τ∏
a=0
∫
sa
(∫
va
P(y|va)δ(va −Csa)dva
)
×∫
xa
(∫
ua
P(sa|ua)δ(ua −Hxa)dua
)
P(xa)dsady
}
=ES
{∫
y
∫
V
τ∏
a=0
P(y|va)EC {δ(V −CS)} dV dy
}
(38)
where the subscript a refers to the replica number, e.g., xa
being a-th replica of x, and the following definitions are used:
X , [x0, · · · ,xτ ], U , [u0, · · · ,uτ ], S , [s0, · · · , sτ ], and
V , [v0, · · · ,vτ ]. Moreover, the (a, n)-th element of V is de-
noted by van , [Csa]n, while the expectation in (38) is taken
over P(S) = EX
[∫
U
P(S|U)EH {δ(U −HX)} dU
]
.
After that, this element becomes the sum of a large number
of random variables. According to central limit theorem,
van could be approximated by a Gaussian r.v. distributed as
N (v|0,∑Mm=1 samsbm/N) because
EC [van] = EC [
M∑
m=1
cnmsam] = 0 (39)
EC [vanvbn] = EC [
M∑
m=1
cnmsam
M∑
m′=1
cnm′sbm′ ]=
M∑
m=1
samsbm
N
(40)
Letting vn , [v0n, v1n, . . . , vτn]T and applying Gaussian
approximation, eq. (38) could be rewritten as
Ey,C,H {Pτ (y,C,H)} =
ES
[∫
y
∫
V
τ∏
a=0
P(y|va)
N∏
n=1
N (vn|0, S
TS
N
)dV dy
]
(41)
Step 2: Approximation to Fτ as per large deviation theory:
Letting QS , 1MSTS, the density of QS could be given as
P(QS) = ES
[∏
0≤a≤b δ
(
M [QS ]ab −
∑M
m=1
samsbm
)]
For this density function, there exists a correlation in sa
due to the linear weighting; fortunately, such a correlation
will vanish as a consequence of the self-averaging effect in
large system limit. The self-average effect suggests that, in
a large system, the random vector ua will approximately be
distributed as Gaussian with a zero mean and a covariance
matrix of σ2XHH
T , whose limit is σ
2
X
α I. On the other hand,
the transitional distribution P(sa|ua) is an identical and
element-wise random mapping, meaning that all elements in
the vector sa are i.i.d.. Together with the fact that [QS ]ab =
1
M
∑M
m=1 samsbm, it is natural to have the large deviation
theory come into play. This large deviation theory is a branch
of statistical studies that offers many useful results for the
limiting distribution of the sum of i.i.d. random variables.
Particularly in our case, we find that the target p.d.f. P(QS)
could be represented via the rate function R(τ)(QS) [26]
P(QS)=exp
[
−MR(τ)(QS)
]
R(τ)(QS),sup
Q˜S
[
tr(QSQ˜S)− logES
[
exp
(
tr(Q˜SSTS)
)]
/M
]
Based on these results, we continue to simplify (41) as
Ey,C,H {Pτ (y|C,H)}
=
∫
QS
∫
y
∫
V
τ∏
a=0
P(y|va)
N∏
n=1
N (vn|0, 1
β
QS)P(QS)dV dydQS
=
∫
QS
P(QS)dQS
N∏
n=1
∫
yn
∫
vn
τ∏
a=0
P(y|van)N (vn|0, 1
β
QS)dvndyn
=
∫
QS
(∫
y
∫
v
τ∏
a=0
P(y|va)N (v|0, 1
β
QS)dvdy
)N
P(QS)dQS
=
∫
dQS e
N log(
∫
y
∫
v
∏τ
a=0 P(y|va)N (v|0, 1βQS)dvdy)−MR(τ)(QS)
Upon this, we apply the Varadhan’s theorem [27, (22)]
to get the following Laplace approximation or saddle-point
approximation to Fτ , whose definition was in (33)
Fτ = sup
QS
{
N
K
G(τ)(QS)− M
K
R(τ)(QS)
}
(42)
= sup
QS
inf
Q˜S
{
αβG(τ)(QS)− αtr(QSQ˜S)+
1
K
logES
{
exp
(
tr(Q˜SSTS)
)}}
(43)
G(τ)(QS) , log
∫
y
∫
v
τ∏
a=0
P(y|va)N (v|0, 1
β
QS)dvdy (44)
Similar to van in (39)-(40), the element uam of the matrix
U could be handled in an analogous way. In particular, we
define QX , 1KXTX whose p.d.f. is then given by
P(QX) = EX [
∏
0≤a≤b δ(
∑K
k=1
xakxbk−K[QX ]ab)] (45)
According to [28, Theo. II.7.1], the probability measure of
QX satisfies the Varadhand’s theorem with a rate function
R(τ)(QX), and it holds
logES
{
exp
(
tr(Q˜SSTS)
)}
= log
∫
S
exp(tr(Q˜SSTS))dS·∫
X
P(X)dX
∫
U
P(S|U)EH {δ(U −HX)} dU (46)
Defining um , {uam}τa=0, it further breaks down as
logES {exp (·)} = log
∫
QX
dQXP(QX)
M∏
m=1
∫
sm
∫
um
exp
(
sTmQ˜Ssm
)
P(sm|um)N (um|0, QX
α
)dumdsm
= log
∫
dQXP(QX)[
∫
dsdu exp(sT Q˜Ss)P(s|u)N (u|0, QX
α
)]M
8Finally, by denoting x , [x0, x1, · · · , xτ ]T , we have
logES {exp (·)}=Ksup
QX
[
αG(τ)(Q˜S ,QX)−R(τ)(QX)
]
(47)
G(τ)(Q˜S ,QX) , log
∫
duds exp(sT Q˜Ss)P(s|u)N (u|0, QX
α
)
R(τ)(QX) ,sup
Q˜X
[
tr(QXQ˜X)−logEx[exp(xT Q˜Xx)]
]
(48)
Combining (43) and (47) yields (‘Extr’ is the extreme value)
Fτ = Extr
QS ,Q˜S ,QX ,Q˜X
[
αβG(τ)(QS)− αtr(QSQ˜S)− tr(Q˜XQX)+
αG(τ)(Q˜S ,QX) + Ex
{
exp
(
xT Q˜Xx
)}]
(49)
, Extr
QS ,Q˜S ,QX ,Q˜X
T (QX , Q˜X ,QS , Q˜S) (50)
= T (Q∗X , Q˜
∗
X ,Q
∗
S , Q˜
∗
S) (51)
where the last eqaulity uses ·∗ to differentiate an extreme point
from a general (matrix) argument.
Step 3: Partial derivation for saddle points: By taking partial
derivatives of T (·) w.r.t. QX , Q˜X , QS , and Q˜S , we obtain
the saddle point equations below:
Q˜S = β
∂G(τ)(QS)
∂QS
(52a)
QS =
∂G(τ)(Q˜S ,QX)
∂Q˜S
(52b)
Q˜X = α
∂G(τ)(Q˜S ,QX)
∂QX
(52c)
QX =
EX
{
xxT exp
(
xT Q˜Xx
)}
Ex
{
exp
(
xT Q˜Xx
)} (52d)
To further simplify the matrix derivative, we find the following
identity very useful (see the supporting materials for a proof):
∂N (x|a,A)
∂A
=
−1
2
[A−1−A−1(x− a)(x− a)TA−1]N (x|a,A).
By chain rule, this could rewrite the saddle point equations as
Q˜S = −β
2
(Q−1S − βQ−1S Ev[vvT ]Q−1S ) (53a)
QS = Es[ssT ] (53b)
Q˜X = −α
2
(
Q−1X − αQ−1X Eu[uuT ]Q−1X
)
(53c)
QX =
Ex
{
xxT exp
(
xT Q˜Xx
)}
Ex
{
exp
(
xT Q˜Xx
)} (53d)
where the expectations are taken over these distributions
pV (v) =
∫
y
∏τ
a=0 P(y|v(a))N (v|0, 1βQS)dy∫
y
∫
v
∏τ
a=0 P(y|v(a))N (v|0, 1βQS)dvdy
pS(s) =
∫
u
exp(sT Q˜Ss)P(s|u)N (u|0, QXα )du∫
s
∫
u
exp(sT Q˜Ss)P(s|u)N (u|0, QXα )duds
pU (u) =
∫
s
exp(sT Q˜Ss)P(s|u)N (u|0, QXα )ds∫
s
∫
u
exp(sT Q˜Ss)P(s|u)N (u|0, QXα )duds
with PX(x) being the prior density. On (53), we note that
it is in general very difficult to solve a four-matrix-argument
solution (QX , Q˜X ,QS , Q˜S) out of the saddle point equations
(53), as there are too many arguments to solve. Although
exceptions do exist, e.g., in case that all the prior and the
transitional probabilities follow Gaussian distributions, the
MMSE estimators there are usually simple to analyze and were
thus extensively studied in the literature. For instance, in the all
Gaussian case above, the exact MMSE particularize as the well
known linear MMSE (LMMSE) estimator, whose asymptotic
performance was well captured by the Tse-Hanly equations
[29]. In this context, it is usually assumed that the solution will
exhibit a certain pattern in the structure of each solution ma-
trix, which is termed replica symmetry. The replica symmetry
considered here assumes that each matrix is a circular matrix
consisting of two free parameters, thus reducing the number
of individual equations from 4(τ+1)2 to 4×2. It is worthy of
noting that assuming replica symmetry, the free energy could
be obtained analytically; however, there is unfortunately no
known general condition for the replica symmetry to hold
[12]3. The replica-symmetric solution, assumed for analytical
tractability in this paper, is consistent with numerical results
in the simulation sections. In next step we provide more detail
on the replica symmetric solutions.
Step 4: Solutions under replica symmetry: Assuming
replica symmetry, each solution matrix is parameterized by
two free arguments, i.e., (for simplicity, we omit the super-
script ∗ despite of that fact that the variable is an extreme
point, i.e., a solution to the saddle point equations)
QX = (c− d)I+ d11T , Q˜X = (c˜− d˜)I+ d˜11T (54a)
QS = (e− f)I+ f11T , Q˜S = (e˜− f˜)I+ f˜11T (54b)
with (c, d, c˜, d˜, e, f, e˜, f˜) being the free parameters, and 11T
denoting a all-one matrix of the size (τ+1)×(τ+1). For (53),
letting P1 , Ev[vvT ] and P2 , Eu[uuT ], the two matrices
exhibit also some replica symmetry, so we have
P1 = (g − h)I+ h11T (55)
P2 = (p− q)I+ q11T (56)
with (g, h, p, q) being auxiliary parameters depending on
(c, d, c˜, d˜, e, f, e˜, f˜). Using (50), one could rewrite the free
energy as follows to emphasize explicitly its dependency on
the eight parameters (c, d, c˜, d˜, e, f, e˜, f˜) (as well as on the
individual parameter τ )
F = − lim
τ→0
∂
∂τ
F(τ, c, d, c˜, d˜, e, f, e˜, f˜) (57)
For this new expression, it is important to note that all
the eight parameters of F(τ, c, d, c˜, d˜, e, f, e˜, f˜) are actually
3According to [12], the validity of replica symmetry can be checked by
calculating the Hessian of at the replica symmetric supremum [30]. If the
Hessian is positive definite, then the replica symmetric solution is stable
against replica symmetry breaking, and it is the unique solution because of the
convexity of the function. Under equal-power binary input and individually
optimal detection, [15] showed that if the system parameters satisfy certain
condition, the replica-symmetric solution is stable against replica symmetry
breaking. In some other cases, replica symmetry can be broken [31]. Recently,
Reeves and Pfister [32] proved that the replica-symmetric prediction is exact
for compressed sensing with Gaussian matrices.
9functions of τ , as one may recall from (49) and (43) that
the operations of Extr and sup inf are carried out for a
given τ . In this regard, it is more precise to re-express the
Fτ term as F(τ, cτ , dτ , c˜τ , d˜τ , eτ , fτ , e˜τ , f˜τ ). Deriving the
analytical results for all these eight τ -dependent parameters are
in general a challenging task, and thus a typical way adopted
by statistical physicians for decades long is to exchange the
partial derivative operation ∂∂τ outside the Fτ term with the
Extr or sup inf operation inside Fτ . Such an exchange is non-
rigourous in general sense as counter examples abound in the
mathematical world, though it had obtained great empirical
successes during the years. In this paper, we apply a new
approach to avoid such an exchange, and this approach in
itself is rigourous in mathematical sense. Our approach is
F = − lim
τ→0
∂
∂τ
F(τ, cτ , dτ , c˜τ , d˜τ , eτ , fτ , e˜τ , f˜τ ) (58)
= − lim
τ→0
∂
∂τ
F(τ, c0, d0, c˜0, d˜0, e0, f0, e˜0, f˜0) (59)
where the first equality uses an independent variable τ to
highlight the explicit dependency, and the last equality is
due to the fact given by (12)-(13) that in overall effect, the
free energy F depends only on its eight parameters evaluated
at τ = 0. In other words, we don’t have to solve out the
parameters’ expressions for arbitrary τ (and then perform a
partial derivation followed by a limit); for the computation of
free energy, we only need to solve them out at the origin point
τ = 0. That is, we simply set τ = 0 in (53) and then solve the
coupled equations obtained. Our new approach is distinct from
the (non-rigourous) conventional way in that we consider here
jointly three operations, limτ→0, ∂∂τ , and Fτ , but in classical
way, it considers the latter two only, leaving it not too many
choices except interchanging the two operations.
In the followings, we apply our new approach to
solve/simplify the coupled equations. For notational
simplicity, we abuse (c, d, c˜, d˜, e, f, e˜, f˜) to denote
(c0, d0, c˜0, d˜0, e0, f0, e˜0, f˜0), whenever their meanings
are obvious from the context. The derivation is divided into
four parts, detailed as below.
Step 4.1: To solve (53a), we first evaluate g and h as below
g =
∫
y
∫
v
(v0)
2
∏τ
a=0 P(y|va)N (v|0, 1βQS)dvdy∫
y
∫
v
∏τ
a=0 P(y|va)N (v|0, 1βQS)dvdy
(60)
h =
∫
y
∫
v
v0v1
∏τ
a=0 P(y|va)N (v|0, 1βQS)dvdy∫
y
∫
v
∏τ
a=0 P(y|va)N (v|0, 1βQS)dvdy
(61)
The key is to decouple QS . Using the matrix inverse lemma,
i.e., (A+BC)−1 = A−1 −A−1B(I+CA−1B)−1CA−1,
we have βQ−1S =
β
e−f I− fβ(e−f)(e+fτ)11T . Denote A , βe−f ,
B , fβ(e−f)(e+fτ) , and evaluate
exp(−1
2
vTβQ−1S v) = exp
−A
2
τ∑
a=0
v2a +
(√
B
2
τ∑
a=0
va
)2
(a)
=
∫ √
η
2pi
exp
[
−A
2
τ∑
a=0
v2a −
η
2
ξ2+
√
ηB
τ∑
a=0
vaξ
]
dξ (62)
where the last equality uses the Hubbard-Stratonovich trans-
form [33]: exp
(
x2
)
=
√
η
2pi
∫
ξ
exp
(−η2 ξ2 +√2ηxξ) dξ,
∀η > 0. Now, we calculate g. Let C = (2pi)− τ+12 |β−1QS |− 12 ,
we have at τ → 0 (see supporting materials for a proof)∫
y
∫
v
τ∏
a=0
P(y|va)N (v|0, QS
β
)dvdy = C
√
2pi
A−B , (63)∫
y
∫
v
v20
τ∏
a=0
P(y|va)N (v|0, QS
β
)dvdy =
C
A−B
√
2pi
A−B ,
(64)
Combining (63) and (64) yields
g = lim
τ→0
1
A−B =
e
β
. (65)
Defining E = 1e−f and F =
f
(e−f)(e+fτ) , we have Q
−1
S =
EI−F11T , and substituting g = eβ into (53a), we further get
e˜ = lim
τ→0
−β
2
[(E − F )− βg(E − F )2] = 0 (66)
After that, we compute h as τ → 0 (for more detail on the
proof see the supporting materials of this paper)∫
y
∫
v
v0v1
τ∏
a=0
P(y|va)N (v|0, 1
β
QS)dvdy =
√
2pi
A−B×
∫
y
∫
ξ
[∫
v
vP(y|v)N
(
v|
√
B
A(A−B)ξ,
1
A
)
dv
]2
∫
v
P(y|v)N
(
v|
√
B
A(A−B)ξ,
1
A
)
dv
Dξdy (67)
which, together with (63), yields
h =
∫
y
∫
ξ
[∫
v
vP(y|v)N
(
v|
√
f
β ξ,
e−f
β
)
dv
]2
∫
v
P(y|v)N
(
v|
√
f
β ξ,
e−f
β
)
dv
Dξdy (68)
To evaluate f˜ of (53a), the following identity is useful as
it indicates the existence of a replica-symmetry preserving
property among the matrix product results: Given a (τ + 1)×
(τ + 1) matrix Q = (a − b)Iτ+1 + b11T , it holds [34]:
Q = E
(
a+ τb 0
0 (a− b)Iτ
)
ET , where E = [e0, · · · , eτ ]
with e0 = [ 1√τ+1 , · · · , 1√τ+1 ]T and the remaining being the
τ orthogonal eigenvectors. Given this, we rewrite (53a) as :
GQ˜S = −
β
2
(G−1QS − βG−1QSGP2G−1QS ) (69)
where GQS =
(
e+ τf 0
0 (e− f)Iτ
)
and GP2 =(
g + τh 0
0 (g − h)Iτ
)
. Combining (66)-(69) yields (τ → 0)
f˜ =
β(βh− f)
2(e− f)2 . (70)
Step 4.2: We next calculate (53b). By the Matrix Inversion
Lemma, we see αQ−1X =
α
c−dI− dα(c−d)(c+dτ)11T . Defining
A′ , α
c− d , B
′ , dα
(c− d)(c+ dτ) (71)
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and applying again the Hubbard-Stratonovich transform, we
decouple the tangled cross terms like uiuj and sisj at the cost
of an additional integral w.r.t. to a new auxiliary variable
exp
(
−1
2
uTαQ−1X u
)
=
√
η
2pi
∫
ξ
dξ
exp
(
−1
2
A′
τ∑
a=0
(ua)
2 − η
2
ξ2 +
√
ηB′ξ
τ∑
a=0
ua
)
exp
(
sT Q˜Ss
)
=
√
γ
2pi
∫
ζ
dζ
exp
(
−f˜
τ∑
a=0
(sa)
2 − γ
2
ζ2 +
√
2γf˜ζ
τ∑
a=0
sa
)
With these decoupling results, e now can be evaluated (τ → 0)∫
exp(sT Q˜Ss)P(s|u)N (u|0, QX
α
)duds = C
√
2pi
A′ −B′
(72)∫
s20 exp(s
T Q˜Ss)P(s|u)N (u|0, QX
α
)duds = C ′
√
2pi
A′ −B′×∫
s2P(s|u)N
(
u|
√
B′
A′(A′ −B′)ξ,
1
A′
)
dudsDξ (73)
where C ′ = (2pi)−
τ+1
2 |α−1QX |− 12 , for more detail on the
proof see the supporting materials. Combining (72)-(73) yields
e =
∫
s
∫
u
|s|2P(s|u)N (u|0, c
α
)duds. (74)
On the other hand, we have come to the simplification of
f ’s numerator (at τ → 0)∫
s
∫
u
s0s1 exp
(
sT Q˜Ss
)
P(s|u)N (u|0, QX
α
)duds = C ′×
√
2pi
A′ −B′
∫ ∣∣∣∣∫ sNs|u(ζ, 12f˜ ,√ dαξ, c−dα )duds
∣∣∣∣2∫ Ns|u(ζ, 12f˜ ,√ dαξ, c−dα )duds Dξdζ (75)
which, together with (72), further gives
f =
∫
ζ
∫
ξ
∣∣∣∣∫s ∫u sNs|u(ζ, 12f˜ ,√ dαξ, c−dα )duds
∣∣∣∣2∫
s
∫
u
Ns|u(ζ, 12f˜ ,
√
d
αξ,
c−d
α )duds
Dξdζ (76)
where Ns|u(a,A, b, B) , P(s|u)N (s|a,A)N (u|b, B).
Step 4.3: Before simplifying (53c), we still need P2, and we
start from the numerator of p as given in (56) (when τ → 0)∫
s
∫
u
u20 exp(s
T Q˜Ss)P(s|u)N (u|0, QX
α
)duds
=C ′
√
2pi
A′ −B′
∫
u2Ns|u
(
ζ,
1
2f˜
,
√
B′
A′(A′ −B′)ξ,
1
A′
)
dudsDξdζ
=C ′
√
2pi
A′ −B′
1
A′ −B′ (77)
Combing (77) and (72), we get
p = lim
τ→0
1
A′ −B′ =
c
α
. (78)
For the simplification of q, we follow a procedure similar to
that of f in (75)-(76), and the result is
q =
∫
ζ
∫
ξ
∣∣∣∣∫s ∫u uNs|u(ζ, 12f˜ ,√ dαξ, c−dα )duds
∣∣∣∣2∫
s
∫
u
Ns|u(ζ, 12f˜ ,
√
d
αξ,
c−d
α )duds
Dξdζ
Defining E = 1c−d and F =
d
(c−d)(c+dτ) , and substituting
p = cα into (53c), we get:
c˜ = −α
2
[(E − F )− αp(E − F )2] = 0. (79)
The simplification on d˜ is analogous to that of f˜ via the same
matrix decomposition technique. Thus, we skip the detail and
provide below its result:
d˜ =
α(αq − d)
2(c− d)2 . (80)
Step 4.4: To establish the SISO equivalence, we recall that
c˜ = 0, and apply the Hubbard-Stratonovich transform [33],
[35] to decouple a cross term arising in the simplification of
c and d, i.e.,
lim
τ→0
Ex
[
exp
(
xT Q˜Xx
)]
=
∫
y
√
η
2pi
∫
x
exp
−η
2
(y −
√
2d˜
η
x)2
PX(x)dxdy (81)
=
∫
x
∫
y
N (y|x, 1
2d˜
)PX(x)dxdy = 1 (82)
This further yields
c = Ex
[
x20 exp
(
xT Q˜Xx
)]
=
∫
X20P(X0)dX0 (83)
d = Ex
[
x0x1 exp
(
xT Q˜Xx
)]
=
∫
〈X〉2P(Y )dY (84)
We interpret the distribution N (y|x, 1
2d˜
) in the above equation
a likelihood distribution of an observation Y given the input
X0 in the context of a SISO system that reads Y = X0 +
W,where X0 ∼ PX(X0), W ∼ N (W |0, η), η = 12d˜ , and Y
is the MMSE estimate of X0, i.e.,
〈X〉 =
∫
X0
N (Y |X0, 12d˜ )PX(X0)∫ N (Y |X0, 12d˜ )PX(X0)dX0 dX0 (85)
which establishes the SISO equivalence.
Given the solutions to the fixed point equations, i.e.,
(c∗, d∗, c˜∗, d˜∗, e∗, f∗, e˜∗, f˜∗), we are now able to obtain the
free energy F by substituting these solutions back to (54) and
later to (51), which completes the computation task.
IV. ASYMPTOTIC ANALYSIS FOR L-LAYER CASE
A. Results for Exact MMSE Estimator in ML-GLM
Claim 2 (Joint distribution: L-layer). For the estimation in
ML-GLM illustrated as Fig. 1, the exact MMSE estimation of
a MIMO nature is identical, in the joint input-and-estimate
distribution sense, to a simple SISO estimation under an
AWGN setting, i.e., (k = 1, . . . , N1)
(x0k, 〈xk〉) .= (X0, 〈X〉), (86)
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where X0 and 〈X〉 are similarly defined as in Claim 1, except
the noise variance η = 1/(2d˜) is solved from Algorithm 1.
Claim 2 indicates that, the existence of a SISO equivalence
is not a sporadic phenomenon, but a universal truth that goes
along with the multi-layer GLM. Such a “decoupling property”
stands at the root of the replica method in statistical physics
[25]. Owing to the generality of the multi-layer model, Claim 2
embraces many existing results as its special cases, including:
1) L = 2, GLM: Claim 1 of this paper is a natural degenera-
tion of Claim 2 if one initializes L as 2 in Algorithm 1 and
makes some trivial notation changes.
2) L = 1, GLM [13]: In this case, the model degenerates to
a (single-layer) generalized linear one, in which Schu¨lke [13]
had shown the fixed point equations of an MMSE estimation
result in the GLM could be written as follows
d =
∫
ζ
∣∣∣∫x xpX(x)N (x|ζ, 12d˜ )dx∣∣∣2∫
x
PX(x)N (x|ζ, 12d˜ )dx
dζ (87a)
q =
∫
y
∫
ξ
∣∣∣∣∫z zP(y|z)N (z|√ dαξ, σ2X−dα )dv∣∣∣∣2∫
z
P(y|z)N (z|
√
d
αξ,
σ2X−d
α )dz
Dξdy (87b)
d˜ =
α(αq − d)
2(σ2X − d)2
(87c)
which agrees perfectly4 with Claim 2 in case of L = 1.
3) L = 1, SLM [12], [24]: The SLM is a further particular-
ization of the GLM with P(y|v) = N (y|v, σ2w). Substituting
it back into the above GLM’s fixed point equations, one gets
a single-formula fixed point equation:
η = σ2w +
1
α
ε(η), (88)
where ε(η) (as stated before) represents the average MSE of
the AWGN channel, Y = X + W , with X ∼ PX(x) and
W having a zero mean and a variance of η. This result was
previously reported by [12] in the context of CDMA multiuser
detection, and by [24] in the context of state evolution of AMP,
another renowned statistical inference algorithm.
B. Sketch of Proof
Similar to Sec. III-A, we will prove this moment identity:
Ex0k,y,{H(`)}
[
xi0k〈xk〉j
]
= EX0,Y
[
Xi0〈X〉j
]
(89)
First of all, we notice that the discussions in Sec. III-B are
indeed applicable to arbitrary L, so, for L > 2, we only need
to revisit its free energy computation. To this end, we start all
over again from the last layer and trace backward repeatedly
until its very first, treating all previous layers as a prior to the
current one. It begins with
F = − 1
K
lim
τ→0
∂
∂τ
logEy,{H(`)}
[
Zτ (y, {H(`)})
]
4It is also worthy of noting that the above result is indeed a reproduction of
[13, (3.72)-(3.73)], where one should pay special attention to the differences
in our system setup, e.g., the weighting matrix is row normalized here while
previously it was column normalized. In this context, the fastest way to verify
this agreement is to consider a square weighting matrix.
Algorithm 1: Fixed Point Equations of MMSE Estimator
P(`)(x|z) , Px(`)|z(`−1)(x|z), N (`)x|z(·) , Nx(`)|z(`−1)(·)
for ` = 1, · · · , L do
T
(`)
X =
{
` = 1 : σ2X
` > 1 :
∫ |x|2P(`)(x|z)N (z|0, T (`−1)Xα`−1 )dzdx
end
for ` = L, · · · , 1 do
q(`) =
` = L :
∫ ∣∣∣∣∣∫ zP(L)(y|z)N(z|√ d(L)αL ξ,T (L)X −d(L)αL )dz∣∣∣∣∣2∫ P(L)(y|z)N(z|√ d(L)αL ξ,T (L)X −d(L)αL )dz Dξdy
` < L :
∫ ∣∣∣∣∣∫ zN (`)x|z(ζ, 12d˜(`+1) ,√ d(`+1)α` ξ,T (`+1)X −d(`+1)α` )dzdx∣∣∣∣∣2∫ N (`)
x|z
(
ζ, 1
2d˜(`+1)
,
√
d(`+1)
α`
ξ,
T
(`+1)
X
−d(`+1)
α`
)
dzdx
Dξdζ
d˜(`) =
α`(α`q
(`) − d(`))
2(T
(`)
X − d(`))2
end
for ` = 1, · · · , L do
d(`) =
` = 1 :∫ ∣∣∣∫ xPX(x)N(x|ζ, 1
2d˜(1)
)
dx
∣∣∣2∫ PX(x)N(x|ζ, 1
2d˜(1)
)
dx
dζ
` > 1 :
∫ ∣∣∣∣∣∫ xN (`)x|z(ζ, 12d˜(`−1) ,√ d(`−1)α`−1 ξ,T (`−1)X −d(`−1)α`−1 )dzdx∣∣∣∣∣2∫ N (`)
x|z
(
ζ, 1
2d˜(`−1) ,
√
d(`−1)
α`−1 ξ,
T
(`−1)
X
−d(`−1)
α`−1
)
dzdx
Dξdζ
end
where Z(y, {H(`)}) = P(y|{H(`)}) is the partition function
in the ML-GLM setting, and the expectation further expands
Ey,{H(`)}
{
Zτ (y, {H(`)})
}
= EX(L)
{∫
dZ(L)dy
τ∏
a=0
P(y|z(L)a )× EZ(L)
[
δ(Z(L) −H(L)X(L))
]}
(90)
where z(L)a denotes the a-th replica in the L-th layer (i.e., the
last). We also have P(X(1)) = P(X), and for ` = L, · · · , 2,
P(X(`)) =EX(`−1)
{∫
Z(`−1)
dZ(`−1)P(X(`)|Z(`−1))×
EH(`−1)
[
δ(Z(`−1) −H(`−1)X(`−1))
]}
(91)
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ys
Linear Space
Element-wise mapping
·<(u)
=(u)
¸
=
·<(H) ¡=(H)
=(H) <(H)
¸·<(x)
=(x)
¸ ·
p(<(s)j<(u))
p(=(s)j=(u))
¸ ·
p(<(y)j<(v))
p(=(y)j=(v))
¸
x
·<(v)
=(v)
¸
=
·<(C) ¡=(C)
=(C) <(C)
¸ ·<(s)
=(s)
¸
Fig. 3. The augmented matrix representation for complex-valued case.
Next, we handle (90) and (91) in an analogous way to (39)-
(43) and (45)-(47), respectively. Then, the following saddle-
point equations could be obtained (` = L, · · · , 1)
Q˜
(`)
X =
−α`
2
[
[Q
(`)
X ]
−1 − α`[Q(`)X ]−1E
(
z(`)[z(`)]T
)
[Q
(`)
X ]
−1
]
(92a)
Q
(`)
X = Ex(`)
(
x(`)[x(`)]T
)
(92b)
with the expectations being taken over
PZ(`)(z(`)) =∫
exp
(
xQ˜
(`+1)
X x
)
P(x|z(`))N (z(`)|0, 1α`Q
(`)
X )dx∫
exp
(
xQ˜
(`+1)
X x
)
P(x|z)N (z|0, 1α`Q
(`)
X )dzdx
(93)
PX(`)(x(`)) =∫
exp
(
x(`)Q˜
(`)
X x
(`)
)
P(x(`)|z)N (z|0, Q
(`−1)
X
α`−1
)dz∫
exp
(
xQ˜
(`)
X x
)
P(x|z)N (z|0, Q
(`−1)
X
α`−1
)dzdx
(94)
where Q˜(L+1)X = O, and Q
(0)
X =
Ex{xxT exp(xT Q˜Xx)}
Ex{exp(xT Q˜Xx)} .
After that, assuming the solutions to the saddle-point equa-
tions exhibits the so-called replica symmetry, we compute the
following items one by one: first, (92a) using Step 4.1 as ` = L
and using Step 4.3 as ` < L; then, (92b) using Step 4.2 as
` > 1 and Step 4.4 as ` = 1.
Finally, we get the fixed-point equations of Algo. 1 after
some algebraic manipulations.
C. Extension to Complex-Valued Settings
Until now the discussion has been based on a real-valued
setting of the ML-GLM system, in which both the inputs and
the transform matrix take real values. In practice, particularly
in wireless communication systems like 5G, spectral efficiency
is a major concern, and the transmission is usually designed
to be complex. In this section, we consider the extension of
previous analysis to the complex settings. We follow [12, Sec.
V] to divide our discussion into 4 different cases: (a) real-
input, real-transform; (b) complex-input, real-transform; (c)
real-input, complex-transform; (d) complex-input, complex-
transform. Since case (a) has already been studied in previous
sections, we start from the second one.
In case (b), the inputs take complex values but the transform
matrix is still real-valued. In this case, the system can be
regarded as two uses of the real-valued transformations, where
the inputs and the two transformations may be dependent.
Since independent inputs maximize the channel capacity, there
is little reason to transmit dependent signals in the two sub-
systems. Thus, the analysis of the real-valued transform matri-
ces in previous sections also applies to the case of independent
in-phase and quadrature components, while the only change
is that the spectral efficiency is the sum of that of the two
sub-systems [12, Sec. V].
In case (c), the inputs take real values, while the transform
matrix is complex. Comparing the complex-valued transfor-
mation to the real-valued one, it is easy to see that the
complex-valued setting is equivalent to transmitting the same
real-valued input twice over the two component real-valued
channels. In other words, it is equivalent to having a real-
valued channel with the load halved but input power doubled,
in which our previous analysis is still applicable [12, Sec. V].
In case (d), both the input and the transform matrix are
complex-valued. The system model in this case could still
be rewritten into an all real-valued one using the relationship
between real and complex representations. We depict this new
model in Fig. 3, where complex signals are reexpressed as
real vectors/matrices and then mapped via the equivalent real-
valued transformation. It appears that the previous analysis is
not applicable to this new model as the transformation matrices
here are not i.i.d. in their elements. However, as pointed out
by [12, Sec. V], a closer look into the case, one would find
that it is still possible to reuse the previous analysis after
certain modifications. A key point here is that the variables u
and v as defined around (6) have asymptotically independent
real and imaginary components. Such an independency allows
G(τ)(Q˜S ,QX) and G(τ)(QS) as defined around (44) to be
evaluated in analogy to the previous analysis. It turn outs
that these two terms are doubled, comparing to the previous
analysis. We also notice that if we assume the same signal
power for both the real and the complex settings, then the
real and the imaginary components in the complex case will
both see a one-half power reduction5, which later balances
out the doubling in G(τ)(Q˜S ,QX) and G(τ)(QS) and leads
to the final conclusion: Given the same signal power, Claim 2
is applicable to both the real and the complex ML-GLM’s.
V. CONCLUSIONS
In this two-part work, we considered the problem of MMSE
estimation for a high dimensional random input under the ML-
GLM. As Part I of the two, this paper analyzed the asymptotic
behavior of an exact MMSE estimator through the use of
replica method. The replica analysis revealed that: 1) in terms
of joint input-and-estimate distribution, the original estimation
problem of MIMO nature was identical to that of a simple
SISO estimation problem facing no self-interference (caused
by the linear weighting), no nonlinear distortion, (caused by
the random mapping), but only an effective AWGN; 2) the
noise level of the above AWGN could be further determined by
solving a set of coupled equations, whose dependency on the
linear weighting and the random mapping was given explicitly;
3) as a byproduct of the replica analysis, the average MSE
of the exact MMSE estimator could be computed directly
from the fixed-point results (with no need for Mote Carlo
simulations). Comparing to existing works in the literature,
this paper established a decoupling principle that not only
5This is different from [12, Sec. V], where the signal power in the complex
setting was doubled, and the situation for G there was similar.
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extended the seminal work of [12] from 1L-SLM to ML-GLM,
but also indicated the universal existence of the principle in
estimation under different models. As later shown in Part II,
this decoupling principle carries great practicality and finds
convenient uses in finite-size systems. To sum up, it opens a
new avenue for the understanding and justification of the ML-
GLM model, which is closely related to deep learning, or more
precisely, to deep inference models such as the variational
auto-encoder (VAE) [8].
Replica method is not yet a rigorous method, and its
justification is still an open problem in mathematical physics
[12]. However, the method has evolved during the past 30
years into a extremely powerful tool for attacking complicated
theoretical problems as diverse as spin glasses, wireless com-
munications, compressed sensing, protein folding, vortices in
superconductors, and combinatorial optimization [36]. Several
of its important predictions have been confirmed by other
rigorous approaches, e.g., the replica predictions for the SLM
problem in [12] were verified in [24] using a conditioning
technique, and that for the GLM case [13] was very recently
confirmed by [25] through an interpolation approach. In this
context, we referred to main results of this paper as claims
and reminded the readers that their mathematical rigor are still
pending on more breakthroughs.
Also, considering the implementation difficulty of an ex-
act MMSE estimator, we continue to propose in Part II an
approximate solution, whose computational complexity (per
iteration) is as low as the GAMP, while its MSE performance
is asymptotically Bayes-optimal.
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